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ON Lp-CONTRACTIVITY OF LAGUERRE SEMIGROUPS
ADAM NOWAK AND KRZYSZTOF STEMPAK
Abstract. We study several Laguerre semigroups appearing in the literature and find sharp
ranges of type parameters for which these semigroups are contractive on all Lp spaces, 1 ≤ p ≤ ∞.
We also answer a similar question for Bessel semigroups, which in a sense are closely related to
the Laguerre semigroups.
1. Introduction
Let (X,µ) be a σ-finite measure space and assume that D is a linear subspace of the space M
of all measurable functions on X, such that it contains all Lp = Lp(X,µ) spaces, 1 ≤ p ≤ ∞.
If µ is finite then one can simply take D = L1; otherwise the natural choice is D = L1 + L∞.
A symmetric diffusion semigroup, see [15, Chapter III], is a family of linear operators {Tt}t≥0,
T0 = Id, mapping jointly D into M, and satisfying:
(i) for each 1 ≤ p ≤ ∞, every Tt is a contraction on Lp and {Tt}t≥0 is a semigroup there,
(ii) each Tt is a self-adjoint operator in L
2,
(iii) for each f ∈ L2, limt→0+ Ttf = f in L2.
A symmetric diffusion semigroup {Tt}t≥0 is called Markovian, if it is positive and conservative,
that is satisfies in addition
(iv) for each t, Ttf ≥ 0 if f ≥ 0,
(v) Tt1 = 1 for all t,
respectively. Semigroups satisfying (i)-(iv) and
(v’) Tt1 ≤ 1 for all t
replacing (v), are called submarkovian.
Symmetric diffusion semigroups commonly emerge from unbounded self-adjoint operators as
their infinitesimal generators. Suppose L is a positive self-adjoint operator on L2 = L2(X,µ).
The semigroup of operators {exp(−tL)}t≥0, defined on L2 by means of the spectral theorem, is
said to be an Lp-contractive semigroup, see [14, Chapter X.8, p. 255], if for each 1 ≤ p ≤ ∞ and
every t ≥ 0 one has
‖ exp(−tL)f‖p ≤ ‖f‖p, f ∈ L2 ∩ Lp(X,µ).
In concrete realizations, it frequently happens that exp(−tL), t > 0, are integral operators,
(1.1) exp(−tL)f(x) =
∫
X
Kt(x, y)f(y) dµ(y), f ∈ L2, x ∈ X,
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and the right-hand side of (1.1) makes sense for a larger than L2 class of functions, that usually
includes all Lp spaces, 1 ≤ p ≤ ∞, and defines a family of operators {Tt}t>0 which are bounded
on Lp(X,µ), 1 ≤ p ≤ ∞. Thus Tt, t > 0, are the unique linear extensions of exp(−tL) to
Lp, 1 ≤ p < ∞, and {Tt}t>0 augmented by T0 = Id typically occurs to be a symmetric diffusion
semigroup. Lp-contractivity is a decisive property in several instances, see for example [15, Chapter
III] and [4]. In particular, it is absolutely essential for an application of Stein’s celebrated maximal
theorem [15, p. 73].
The aim of this paper is a thorough study of the Laguerre semigroups appearing in the literature
from the Lp-contractivity property point of view. The detailed study of mapping properties of
heat-diffusion semigroups associated with various systems of Laguerre functions was initiated in
[16] in the one-dimensional setting and then continued in [8] in the multi-dimensional weighted
setting. In this article we investigate semigroups associated with four different Laguerre systems
in the multi-dimensional setting. Let Lαk denote the Laguerre polynomial of degree k ∈ N =
{0, 1, 2, . . .} and order α > −1, cf. [7, p. 76]. Starting with the one-dimensional situation, for any
given α > −1 we consider the following systems on R+ = (0,∞):
• normalized Laguerre polynomial system, {L̂αk : k ∈ N},
L̂αk (x) =
(
Γ(k + 1)
Γ(k + α+ 1)
)1/2
Lαk (x), x > 0,
which is an orthonormal basis in L2(R+, x
αe−x dx);
• standard Laguerre function system, {Lαk : k ∈ N},
Lαk (x) = L̂αk (x)xα/2e−x/2, x > 0,
which is an orthonormal basis in L2(R+, dx);
• Laguerre function system of Hermite type, {ϕαk : k ∈ N},
ϕαk (x) =
√
2L̂αk (x
2)xα+1/2e−x
2/2, x > 0,
which is an orthonormal basis in L2(R+, dx);
• Laguerre function system of convolution type, {ℓαk : k ∈ N},
ℓαk (x) =
√
2L̂αk (x
2)e−x
2/2, x > 0,
which is an orthonormal basis in L2(R+, x
2α+1 dx).
The corresponding multi-dimensional systems are then formed simply by taking tensor products.
Thus for a multi-index α = (α1, . . . , αd) ∈ (−1,∞)d, the system {L̂αk : k ∈ Nd} is an orthonormal
basis in L2(Rd+, mα), the systems {Lαk : k ∈ Nd} and {ϕαk : k ∈ Nd} are orthonormal bases in
L2(Rd+), and {ℓαk : k ∈ Nd} is an orthonormal basis in L2(Rd+, µα), where
dmα(x) =
( d∏
i=1
xαii e
−xi
)
dx, dµα(x) =
( d∏
i=1
x2αi+1i
)
dx.
For these four systems, there are naturally associated differential operators LL̂α, L
L
α, L
ϕ
α and Lℓα,
for which {L̂αk}, {Lαk}, {ϕαk} and {ℓαk}, respectively, are systems of eigenfunctions; see Sections 2-5
for the definitions. We investigate the semigroups {Tα,⋆t },
Tα,⋆t = exp(−tL⋆α), ⋆ = L̂, L, ϕ, ℓ,
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generated by these Laguerre differential operators (or rather by their natural self-adjoint exten-
sions). We also study so-called modified Laguerre semigroups
{T˜α,⋆,jt }, j = 1, . . . , d, ⋆ = L̂, L, ϕ, ℓ,
which emerge naturally in the theory of conjugacy connected with Laguerre expansions. They
are generated by self-adjoint extensions of suitable modifications of the Laguerre operators in
question, see [10] for a general background, and are important tools when studying conjugacy
problems. Various properties of the modified Laguerre semigroups can be found in [9, 11, 12].
All the considered Laguerre semigroups possess integral representations, and the corresponding
integral kernels are known explicitly. Since all the kernels are strictly positive, it follows that all the
semigroups satisfy Condition (iv). Obviously, they also satisfy (ii) and (iii), by the very definition.
However, determining whether Conditions (i) and (v) or (v’) are satisfied or not, requires a more
subtle treatment. In this paper we find the answers in all the cases.
Our main results are summarized in the following table, which provides sharp ranges of the
type parameter α for which the Laguerre semigroups are Lp-contractive. Noteworthy, these are
also optimal ranges of α for the assumptions of Stein’s maximal theorem [15, p. 73] to be satisfied.
⋆ = L̂ ⋆ = L ⋆ = ϕ ⋆ = ℓ
Tα,⋆t α ∈ (−1,∞)d α ∈ [0,∞)d α ∈
({−1/2} ∪ [1/2,∞))d α ∈ (−1,∞)d
T˜α,⋆,jt αj ∈ [−1/2,∞), αj ∈ [−1,∞), αj ∈ {−3/2} ∪ [−1/2,∞), αj ∈ [−1/2,∞),
j = 1, . . . , d αi > −1, i 6= j αi ≥ 0, i 6= j αi ∈ {−1/2} ∪ [1/2,∞), i 6= j αi > −1, i 6= j
Table 1. Optimal ranges of α for Lp-contractivity
In the cases of Laguerre polynomial system and Laguerre function system of convolution type the
situation is perfect, as far as the non-modified semigroups are considered: for any α ∈ (−1,∞)d,
{Tα,L̂t } and {Tα,ℓt } are Lp-contractive. In the cases of two other systems, to ensure the action
of the semigroups on all the corresponding Lp spaces, 1 ≤ p ≤ ∞, one has to restrict the set
of parameters α, namely α ∈ [0,∞)d for {Tα,Lt }, and α ∈ [−1/2,∞)d for {Tα,ϕt }. In the case
of standard Laguerre function system, in the restricted range α ∈ [0,∞)d the situation is again
typical: {Tα,Lt } is Lp-contractive. A bit surprisingly, this is not the case of the Laguerre function
system of Hermite type. More precisely, Lp-contractivity holds for α ∈ ({−1/2} ∪ [1/2,∞))d, but
fails to hold if at least one of the coordinates of α falls into the interval (−1/2, 1/2). On the
other hand, this lack of contractivity is consistent with the restriction on α frequently occurring
in various results in the context of the Laguerre system of Hermite type; see [11, Theorem 3.3] as a
typical example. Finally, it is remarkable that the ranges of α for Lp-contractivity of the modified
Laguerre semigroups do not coincide with those for the original Laguerre semigroups. This,
however, is consistent with certain results in the underlying conjugacy theory, which were proved
after restricting to those α, for which both the original and the modified Laguerre semigroups are
contractive; see for instance [9].
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The paper is organized as follows. In Sections 2-5 we analyse the Laguerre semigroups associated
with the systems {L̂αk}, {Lαk}, {ϕαk } and {ℓαk}, respectively. Section 6 contains comments on Lp-
contractivity of certain Bessel semigroups, which in a sense are closely related to the Laguerre
semigroups.
We shall use the following notation. By 1 we always denote the function identically equal 1 on
its domain. Given a bounded linear operator A on Lp(X,µ), 1 ≤ p ≤ ∞, we shall write ‖A‖p→p
for its operator norm.
2. Laguerre polynomial semigroup
Recall that the system {L̂αk : k ∈ Nd} of multi-dimensional normalized Laguerre polynomials is
an orthonormal basis in L2(Rd+,mα). It consists of eigenfunctions of the differential operator
LL̂α = −
d∑
i=1
(
xi
∂2
∂x2i
+ (αi + 1− xi) ∂
∂xi
)
;
we have LαL̂
α
k = |k|L̂αk , where |k| = k1 + . . .+ kd is the length of k. The operator LL̂α is formally
symmetric and positive in L2(Rd+,mα), and admits a natural self-adjoint extension in L
2(Rd+,mα)
whose spectral decomposition is given by the Laguerre polynomials (we use the same symbol LL̂α
to denote this extension). The corresponding heat semigroup {Tα,L̂t } = {exp(−tLL̂α)} is defined
by means of the spectral theorem,
(2.1) Tα,L̂t f =
∞∑
n=0
e−tn
∑
|k|=n
〈f, L̂αk 〉mαL̂αk , f ∈ L2(Rd+, mα),
and it has the integral representation
(2.2) Tα,L̂t f(x) =
∫
Rd
+
Gα,L̂t (x, y)f(y) dmα(y), x ∈ Rd+,
where the heat kernel is given by
Gα,L̂t (x, y) =
∞∑
n=0
e−tn
∑
|k|=n
L̂αk (x)L̂
α
k (y), x, y ∈ Rd+.
This oscillating series can be summed by means of the Hille-Hardy formula [7, (4.17.6)], and
the result is
Gα,L̂t (x, y) =
et(|α|+d)/2
(2 sinh(t/2))d
exp
(
− e
−t/2
2 sinh(t/2)
d∑
i=1
(xi + yi)
) d∏
i=1
(xiyi)
−αi/2Iαi
( √
xiyi
sinh(t/2)
)
.
Here |α| = α1 + . . .+ αd (notice that this quantity may be negative) and Iν denotes the modified
Bessel function of the first kind and order ν, cf. [7, Chapter 5]; considered on R+, it is real positive
and smooth for any ν > −1. The semigroup property of the kernel Gα,L̂t (x, y) is reflected in the
identity
(2.3)
∫ ∞
0
Gα,L̂t (x, z)G
α,L̂
s (z, y) dmα(z) = G
α,L̂
t+s(x, y), x, y ∈ Rd+,
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which can be independently verified by means of the formula (cf. [13, Formula 2.15.20 (8)])∫ ∞
0
Iν(az)Iν(bz) exp(−pz2) zdz = 1
2p
exp
(a2 + b2
4p
)
Iν
(ab
2p
)
, a, b, p > 0, ν > −1.
Since L̂α(0,...,0) ≡ const., we see from (2.1) that Tα,L̂t 1 = 1; in particular,∫ ∞
0
Gα,L̂t (x, y) dmα(y) = 1, x ∈ Rd+.
This together with (2.3) shows that the kernel Gα,L̂t (x, y) defines a Markov semigroup, see [1];
(2.3) is then called the Chapman-Kolmogorov identity.
The action of Tα,L̂t can be extended by (2.2) to L
1(Rd+, mα) (that includes all L
p(Rd+, mα),
1 ≤ p ≤ ∞). Indeed, the integral in (2.2) converges for every f ∈ L1(Rd+, mα) and every x ∈ Rd+,
as can be seen by applying the standard asymptotics for Iν , cf. [7, (5.16.4), (5.16.5)],
(2.4) Iν(z) ≃ zν , z → 0+; Iν(z) ≃ z−1/2ez, z →∞.
The fact that Tα,L̂t 1 = 1 and the positivity of T
α,L̂
t give ‖Tα,L̂t ‖∞→∞ = 1. Then by the symmetry
we also have ‖Tα,L̂t ‖1→1 = 1, and by interpolation we conclude that, for any 1 ≤ p ≤ ∞,
‖Tα,L̂t ‖p→p ≤ 1, t > 0.
The same conclusion follows from a simple lemma, which we formulate below for further reference.
This result can be regarded as a special case of the Schur test. In particular, it shows that a
semigroup {Tt} defined on L1+L∞ by means of a nonnegative symmetric kernel is Lp-contractive
if and only if Tt1 ≤ 1 for all t.
Lemma 2.1. Let K(x, y) be a nonnegative symmetric kernel on (X,µ) that satisfies∫
X
K(x, y) dµ(y) ≤ B, x ∈ X.
Then, for each 1 ≤ p ≤ ∞, the integral operator Tf(x) = ∫X K(x, y)f(y) dµ(y) is bounded on
Lp(X,µ) and ‖T‖p→p ≤ B.
Summarizing, for each α ∈ (−1,∞)d, the semigroup {Tα,L̂t } is a symmetric diffusion semigroup,
which is Markovian. Let us mention that {Tα,L̂t } is also hypercontractive, which means some
smoothing properties of the semigroup, much more subtle than contractivity; see [5, 6].
The modified semigroups {T˜α,L̂,jt }, j = 1, . . . , d, are generated in L2(Rd+, mα) by proper self-
adjoint extensions of the operators LL̂α + (αj + 1/2 + xj)/(2xj), see [9, Section 2]. Their integral
representation, valid for f ∈ L1(Rd+, mα), is
T˜α,L̂,jt f(x) = e
−t
∫
Rd
+
√
xjyjG
α+ej ,L̂
t (x, y)f(y) dmα(y), x ∈ Rd+, t > 0,
where ej is the jth coordinate vector in R
d. Note that in view of (2.4) the sharp range of α’s for
which {T˜α,L̂,jt } is well defined on all Lp(Rd+, mα), 1 ≤ p ≤ ∞, and maps Lp(Rd+, mα) into itself, is
AL̂j =
{
α = (α1, . . . , αd) : αj > −3/2, αi > −1 for i 6= j
}
.
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It turns out that {T˜α,L̂,jt }, in contrast with {Tα,L̂t }, is not conservative. It was computed in [9,
p. 234] that
(2.5) T˜α,L̂,jt 1(x) = e
−t/2 Γ(αj + 3/2)
Γ(αj + 2)
(
xje
−t
1− e−t
)1/2
1F1
(
1
2
;αj + 2;− xje
−t
1− e−t
)
, x ∈ Rd+,
where 1F1 denotes the confluent hypergeometric function, cf. [7, Section 9.9]. This was achieved
by expanding T˜α,L̂,jt 1 with respect to a system of ‘differentiated’ Laguerre polynomials, then
applying T˜α,L̂,jt spectrally and summing back the resulting expansion. Actually, the same can be
obtained more directly by combining the formula [7, (9.11.2)] (note a misprint there)
(2.6) 1F1(a; b; z) = e
z
1F1(b− a; b;−z), b 6= 0,−1,−2, . . . ,
with the following result.
Lemma 2.2 ([13, Formula 2.15.5 (4)]). Given p, q > 0 and β, ν ∈ R, β + ν > 0, ν 6= −1,−2, . . .,
we have ∫ ∞
0
yβ−1e−py
2
Iν(qy) dy =
qν
2ν+1p(β+ν)/2
Γ(β+ν2 )
Γ(ν + 1)
1F1
(
β + ν
2
; ν + 1;
q2
4p
)
.
From (2.5) it can be seen that ‖T˜α,L̂,jt 1‖∞ > 1 for some t > 0 if and only if −3/2 < αj < −1/2;
otherwise ‖T˜α,L̂,jt 1‖∞ = e−t/2. These facts are essentially pointed out in [9, p. 234], but without
a full justification. Here we take an opportunity to fill up this gap. Clearly, in view of the
tensor product structure of the kernels involved, it is enough to check, see (2.6), that the function
u 7→ [Γ(αj + 3/2)/Γ(αj + 2)]
√
ue−u1F1(αj + 3/2;αj + 2;u) acting on R+ has values bigger than
1 if and only if αj < −1/2, and when αj ≥ −1/2 the closure of its range contains the point {1}.
This, however, follows readily from the next lemma applied with η = αj + 3/2 and γ = αj + 2.
To state the result, it is convenient to define an auxiliary function, which comes into play when
investigating L∞-contraction property of Laguerre semigroups. Given γ ≥ η > 0, let
Hη,γ(u) =
Γ(η)
Γ(γ)
uγ−ηe−u1F1(η; γ;u), u > 0.
Note that Hη,γ(u) > 0 for u > 0, as can be seen immediately from the hypergeometric series
defining 1F1, see [7, (9.9.1)]. Moreover, the case η = γ is trivial in the sense that Hγ,γ(u) = 1,
since 1F1(γ; γ;u) = e
u.
The following estimates of Hη,γ are crucial.
Lemma 2.3. Let γ ≥ η > 0 be fixed.
(a) If either η = γ or η ≥ 1, then ‖Hη,γ‖∞ = 1 and limu→∞Hη,γ(u) = 1.
(b) If η 6= γ and η < 1, then 1 < ‖Hη,γ‖∞ <∞ and there exists u0 > 0 such that
Hη,γ(u) > 1, u ≥ u0.
Proof. The case η = γ is trivial, so assume that η < γ. Using (2.6) we write
Hη,γ(u) =
Γ(η)
Γ(γ)
uγ−η1F1(γ − η; γ;−u).
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Then the integral representation, see [7, (9.11.1)], which is valid for 0 < a < b,
1F1(a; b; z) =
Γ(b)
Γ(a)Γ(b− a)
∫ 1
0
sa−1(1− s)b−a−1ezs ds,
together with the change of variable s→ s/u, leads to
Hη,γ(u) =
1
Γ(γ − η)
∫ u
0
sγ−η−1e−s
(
1− s
u
)η−1
ds.
We now see that when η ≥ 1,
Hη,γ(u) <
1
Γ(γ − η)
∫ ∞
0
sγ−η−1e−s ds = 1, u > 0,
and by the monotone convergence theorem, limu→∞Hη,γ(u) = 1. This proves (a).
To show (b) we first note that the boundedness of Hη,γ on (0,∞) is justified by the continuity
of 1F1(η; γ; ·) and the fact that, see [7, (9.9.1), (9.12.8)],
lim
u→0+
1F1(η; γ;u) = 1 and 1F1(η; γ;u) ≃ Γ(γ)
Γ(η)
euuη−γ , u→∞.
Next we observe that given ε > 0, there exists u0 > 0 such that
(2.7)
∫ ∞
u
sγ−η−1e−s ds < ε
∫ u
u/2
sγ−η−1e−s ds, u ≥ u0.
Indeed, assuming that u is so large that sγ−η−1e−s < e−3s/4 and sγ−η−1e−s > e−5s/4 for s ≥ u/2,
it is enough to check that ∫ ∞
u
e−3s/4 ds < ε
∫ u
u/2
e−5s/4 ds
for u sufficiently large; this, however, is immediate.
Assume that η < 1. Taking ε = 21−η − 1 in (2.7), we get for u ≥ u0∫ u
0
sγ−η−1e−s
(
1− s
u
)η−1
ds >
∫ u/2
0
sγ−η−1e−s ds+
∫ u
u/2
sγ−η−1e−s
(
1− u/2
u
)η−1
ds
=
∫ u/2
0
sγ−η−1e−s ds+ 21−η
∫ u
u/2
sγ−η−1e−s ds
>
∫ ∞
0
sγ−η−1e−s ds = Γ(γ − η).
The conclusion follows. 
Properties of {T˜α,L̂,jt }, j = 1, . . . , d, deduced above, the boundedness of Hαj+ 32 ,αj+2 and Lemma
2.1 imply the following.
Proposition 2.4. Let j ∈ {1, . . . , d} be fixed and α ∈ AL̂j . If αj ≥ −1/2, then {T˜α,L̂,jt } is a
submarkovian (but not Markovian) symmetric diffusion semigroup satisfying, for each 1 ≤ p ≤ ∞,
‖T˜α,L̂,jt ‖p→p ≤ e−t/2, t > 0.
If αj < −1/2, then {T˜α,L̂,jt } is not an Lp-contractive semigroup, but there exists a constant
c = c(α) > 1 such that the above estimate holds with the right-hand side multiplied by c.
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3. Standard Laguerre function semigroup
The differential operator related to the system {Lαk : k ∈ Nd} is
LLα = −
d∑
i=1
(
xi
∂2
∂x2i
+
∂
∂xi
−
(x2i + α2i
4xi
))
.
It is formally symmetric and positive in L2(Rd+) and we have L
L
αLαk = (|k|+ (|α|+ d)/2)Lαk . The
operator LLα has a natural self-adjoint extension (denoted by the same symbol) whose spectral
decomposition is given by the Lαk . The corresponding heat semigroup {Tα,Lt } = {exp(−tLLα)} is
given in L2(Rd+) by
Tα,Lt f =
∞∑
n=0
e−t(n+(|α|+d)/2)
∑
|k|=n
〈f,Lαk 〉Lαk , f ∈ L2(Rd+).
We have the integral representation
(3.1) Tα,Lt f(x) =
∫
Rd
+
Gα,Lt (x, y)f(y) dy, x ∈ Rd+,
where, for x, y ∈ Rd+,
Gα,Lt (x, y) =
∞∑
n=0
e−t(n+(|α|+d)/2)
∑
|k|=n
Lαk (x)Lαk (y)
= e−t(|α|+d)/2Gα,L̂t (x, y)e
−
∑d
i=1(xi+yi)/2
d∏
i=1
(xiyi)
αi/2
= (2 sinh(t/2))−d exp
(
−1
2
coth(t/2)
d∑
i=1
(xi + yi)
) d∏
i=1
Iαi
( √
xiyi
sinh(t/2)
)
.
When α ∈ [0,∞)d, the action of Tα,Lt extends to L1(Rd+) + L∞(Rd+) by means of (3.1). Indeed,
for such α the asymptotics (2.4) show that the integral in (3.1) converges for every f ∈ Lp(Rd+),
1 ≤ p ≤ ∞, and every x ∈ Rd+. However, this is not the case if at least one of the coordinates
of α is less than 0. Let α˜ = min1≤i≤d αi and assume that α˜ < 0. Then {Tα,Lt } is well defined
by (3.1) on Lp(Rd+) if and only if p > −2/α˜. The additional requirement that Tα,Lt f ∈ Lp(Rd+)
whenever f ∈ Lp(Rd+) forces another restriction on p, namely p < 2/(2 + α˜). Thus the question
of Lp-contractivity of {Tα,Lt } makes sense only for α ∈ [0,∞)d.
We state the main result of this section.
Theorem 3.1. Let α ∈ [0,∞)d. Then {Tα,Lt } is a submarkovian (but not Markovian) symmetric
diffusion semigroup. More precisely, for each 1 ≤ p ≤ ∞,
‖Tα,Lt ‖p→p ≤
(
cosh(t/2)
)−d
, t > 0.
Proof. It is enough to consider the one-dimensional case, since then the multi-dimensional result
follows easily by the tensor product structure of the semigroup. Using Lemma 2.2 we get
Tα,Lt 1(x) =
1
cosh(t/2)
exp
(
− x
2
tanh(t/2)
)
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× Γ(
α
2 + 1)
Γ(α + 1)
( x
sinh t
)α/2
exp
(
− x
sinh t
)
1F1
(α
2
+ 1;α + 1;
x
sinh t
)
.
This can be written in terms of the function Hη,γ as
Tα,Lt 1(x) =
1
cosh(t/2)
exp
(
− x
2
tanh(t/2)
)
Hα
2
+1,α+1
( x
sinh t
)
.
Applying now Lemma 2.3 (a) we see that ‖Tα,Lt 1‖∞ ≤ (cosh(t/2))−1, and the conclusion follows
by Lemma 2.1. 
We remark that Theorem 3.1 can be proved in another way, without relying on Lemma 2.3.
Given z > 0, the function ν 7→ Iν(z) is decreasing for ν ≥ 0 (see the proof of [11, Proposition 2.1]
and references given there) and hence Gα,Lt (x, y) ≤ G0,Lt (x, y), where 0 = (0, . . . , 0). Thus it is
sufficient to prove the bound only for {T 0,Lt }, and in that case, merely by using Lemma 2.2,
T 0,Lt 1(x) =
(
cosh(t/2)
)−d
exp
(
− 1
2
tanh(t/2)
d∑
i=1
xi
)
.
The modified semigroups {T˜α,L,jt }, j = 1, . . . , d, are generated in L2(Rd+) by suitable self-adjoint
extensions of the operators LLα+ej + 1/2, see [10, Section 5]. Their integral representation is
T˜α,L,jt f(x) = e
−t/2
∫
Rd
+
G
α+ej ,L
t (x, y)f(y) dy, x ∈ Rd+, t > 0.
Thus {T˜α,L,jt } coincide, up to the factor e−t/2, with the original Laguerre semigroups {Tα+ej ,Lt }.
Therefore the sharp range of α’s for which {T˜α,L,jt } is well defined on all Lp(Rd+), 1 ≤ p ≤ ∞, and
maps Lp(Rd+) into itself, is
ALj =
{
α : αj ≥ −1, αi ≥ 0 for i 6= j
}
.
Moreover, the above results concerning {Tα,Lt } imply the following.
Proposition 3.2. Let j ∈ {1, . . . , d} be fixed and let α ∈ ALj . Then {T˜α,L,jt } is a submarkovian
(but not Markovian) symmetric diffusion semigroup satisfying, for 1 ≤ p ≤ ∞,
‖T˜α,L,jt ‖p→p ≤ e−t/2
(
cosh(t/2)
)−d
, t > 0.
4. Laguerre function semigroup of Hermite type
Recall that the system {ϕαk : k ∈ Nd} is an orthonormal basis in L2(Rd+). The associated
differential operator,
Lϕα = −∆+ ‖x‖2 +
d∑
i=1
1
x2i
(
α2i −
1
4
)
,
is formally symmetric and positive in L2(Rd+), and we have L
ϕ
αϕαk = (4|k| + 2|α| + 2d)ϕαk . The
operator Lϕα has a natural self-adjoint extension (denoted by the same symbol) whose spectral
decomposition is given by the ϕαk , see [11, p. 402]. The corresponding heat semigroup {Tα,ϕt } =
{exp(−tLϕα)} is given in L2(Rd+) by
Tα,ϕt f =
∞∑
n=0
e−t(4n+2|α|+2d)
∑
|k|=n
〈f, ϕαk 〉ϕαk , f ∈ L2(Rd+).
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We have the integral representation
(4.1) Tα,ϕt f(x) =
∫
Rd
+
Gα,ϕt (x, y)f(y) dy, x ∈ Rd+,
where, with the notation x2 = (x21, . . . , x
2
d), for x, y ∈ Rd+,
Gα,ϕt (x, y) =
∞∑
n=0
e−t(4n+2|α|+2d)
∑
|k|=n
ϕαk (x)ϕ
α
k (y)
= 2de−2t(|α|+d)Gα,L̂4t (x
2, y2)e−(‖x‖
2+‖y‖2)/2
d∏
i=1
(xiyi)
αi+1/2
= (sinh 2t)−d exp
(
−1
2
coth(2t)
(‖x‖2 + ‖y‖2)) d∏
i=1
√
xiyi Iαi
( xiyi
sinh 2t
)
.
When α ∈ [−1/2,∞)d, the action of Tα,ϕt can be extended by (4.1) to L1(Rd+) + L∞(Rd+).
Indeed, as can be easily verified by means of the asymptotics (2.4), the integral in (4.1) converges
for every f ∈ Lp(Rd+), 1 ≤ p ≤ ∞, and every x ∈ Rd+, provided that α ∈ [−1/2,∞)d. However,
the case when at least one of the coordinates of α is less than −1/2 is different. Recall that
α˜ = min1≤i≤d αi and assume that α˜ < −1/2. Then Tα,ϕt is well defined on Lp(Rd+) by (4.1) if and
only if p > 2/(2α˜ + 3). Moreover, the requirement that Tα,ϕt f ∈ Lp(Rd+) whenever f ∈ Lp(Rd+),
imposes further restriction on p, namely p < −2/(2α˜ + 1). Thus the question of Lp-contractivity
of {Tα,ϕt } makes sense only for α ∈ [−1/2,∞)d.
The main result of this section reads as follows.
Theorem 4.1. Let α ∈ [−1/2,∞)d. If α ∈ ({−1/2} ∪ [1/2,∞))d, then {Tα,ϕt } is a submarkovian
(but not Markovian) symmetric diffusion semigroup satisfying, for 1 ≤ p ≤ ∞,
‖Tα,ϕt ‖p→p ≤ (cosh 2t)−d/2, t > 0.
If αi ∈ (−1/2, 1/2) for some i = 1, . . . , d, then {Tα,ϕt } is not an Lp-contractive semigroup, but
there exists a constant c = c(α) > 1 such that the above estimate holds with the right-hand side
multiplied by c.
Proof. We consider first the one-dimensional case. Using Lemma 2.2 we compute
Tα,ϕt 1(x) =
1√
cosh 2t
exp
(
− x
2
2
tanh 2t
)
× Γ(
α
2 +
3
4 )
Γ(α+ 1)
( x2
sinh 4t
)α
2
+ 1
4
exp
(
− x
2
sinh 4t
)
1F1
(α
2
+
3
4
;α+ 1;
x2
sinh 4t
)
.
This can be written in terms of the function Hη,γ as
Tα,ϕt 1(x) =
1√
cosh 2t
exp
(
− x
2
2
tanh 2t
)
Hα
2
+ 3
4
,α+1
( x2
sinh 4t
)
.
Then Lemma 2.3 shows that ‖Tα,ϕt 1‖∞ ≤ (cosh 2t)−1/2 if α ∈ {−1/2} ∪ [1/2,∞), and that
‖Tα,ϕt 1‖∞ > 1 if α ∈ (−1/2, 1/2) and t is sufficiently small. This, together with Lemma 2.1, gives
the desired conclusion. The last assertion follows by the boundedness of Hα
2
+ 3
4
,α+1.
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Passing to the multi-dimensional case, we observe that by the tensor product structure of the
semigroup we have
Tα,ϕt (1⊗ . . .⊗ 1)(x) = Tα1t 1(x1) · . . . · Tαdt 1(xd), x ∈ Rd+.
Thus the desired positive results are consequences of the already justified one-dimensional case.
To prove the negative part, we assume for simplicity that d = 2 and α = (α1, α2) with α1 ∈
(−1/2, 1/2) and α2 /∈ (−1/2, 1/2); in the general case the arguments are analogous. Taking
x1 = c
√
sinh 4t, where c is a sufficiently large constant, by Lemma 2.3 (b) we see that
Hα1
2
+ 3
4
,α1+1
( x21
sinh 4t
)
= 1 + 2ε
for some ε > 0 independent of t. It follows that Tα1,ϕt 1(x1) > 1 + ε for t > 0 sufficiently small,
and hence ‖Tα1,ϕt 1‖∞ > 1 + ε for such t. On the other hand, taking x2 = 1 and using Lemma
2.3 (a) we get ‖Tα2,ϕt 1‖∞ > 1/(1+ ε), provided that t is sufficiently small. Altogether, this shows
that
‖Tα,ϕt (1⊗ 1)‖∞ = ‖Tα1,ϕt 1‖∞‖Tα2,ϕt 1‖∞ > 1
for t small enough. The proof is finished. 
The modified semigroups {T˜α,ϕ,jt }, j = 1, . . . , d, are generated in L2(Rd+) by suitable self-adjoint
extensions of the operators Lϕα+ej + 2, see [11, Section 4]. Their integral representation is
T˜α,ϕ,jt f(x) = e
−2t
∫
Rd
+
G
α+ej ,ϕ
t (x, y)f(y) dy, x ∈ Rd+, t > 0.
Thus {T˜α,ϕ,jt } coincide, up to the factor e−2t, with the original Laguerre semigroups {Tα+ej ,ϕt }.
It follows that the sharp range of α’s for which {T˜α,ϕ,jt } is well defined on all Lp(Rd+), 1 ≤ p ≤ ∞,
and maps Lp(Rd+) into itself, is
Aϕj =
{
α : αj ≥ −3/2, αi ≥ −1/2 for i 6= j
}
.
Moreover, the above results concerning {Tα,ϕt } imply the following.
Proposition 4.2. Let j ∈ {1, . . . , d} be fixed and let α ∈ Aϕj . If αj ∈ {−3/2} ∪ [−1/2,∞) and
αi ∈ {−1/2} ∪ [1/2,∞), i 6= j, then {T˜α,ϕ,jt } is a submarkovian (but not Markovian) symmetric
diffusion semigroup satisfying, for 1 ≤ p ≤ ∞,
‖T˜α,ϕ,jt ‖p→p ≤ e−2t(cosh 2t)−d/2, t > 0.
If either αj /∈ {−3/2} ∪ [−1/2,∞) or αi /∈ {−1/2} ∪ [1/2,∞) for some i 6= j, then {T˜α,ϕ,jt } is
not an Lp-contraction semigroup, but there exists a constant c = c(α) > 1 such that the above
estimate holds with the right-hand side multiplied by c.
5. Laguerre function semigroup of convolution type
In this case the differential operator in question is
Lℓα = −∆+ ‖x‖2 −
d∑
i=1
2αi + 1
xi
∂
∂xi
.
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It is formally symmetric and positive in L2(Rd+, µα) and we have L
ℓ
αℓ
α
k = (4|k|+2|α|+2d)ℓαk . The
operator Lℓα has a natural self-adjoint extension (denoted by the same symbol) whose spectral
decomposition is given by the ℓαk .
The integral representation of the heat semigroup {Tα,ℓt } = {exp(−tLℓα)} is
(5.1) Tα,ℓt f(x) =
∫
Rd
+
Gα,ℓt (x, y)f(y) dµα(y), x ∈ Rd+,
where the heat kernel is
Gα,ℓt (x, y) =
∞∑
n=0
e−t(4n+2|α|+2d)
∑
|k|=n
ℓαk (x)ℓ
α
k (y)
= 2de−2t(|α|+d)e−(‖x‖
2+‖y‖2)/2Gα,L̂4t (x
2, y2)
= (sinh 2t)−d exp
(
−1
2
coth(2t)
(‖x‖2 + ‖y‖2)) d∏
i=1
(xiyi)
−αiIαi
( xiyi
sinh 2t
)
.
For all α ∈ (−1,∞)d, the action of Tα,ℓt may be extended by (5.1) to L1(Rd+, µα) + L∞(Rd+, µα).
Indeed, the asymptotics (2.4) easily imply the integral in (5.1) to be convergent for every f ∈
Lp(Rd+, µα), 1 ≤ p ≤ ∞, and every x ∈ Rd+.
The following result is essentially contained in [16, Theorem 2.3]. Here we give an independent
proof which is based on Lemma 2.2. Note that for α = (−1/2, . . . ,−1/2), the conclusions of
Theorem 5.1 and Theorem 4.1 coincide, as it should be.
Theorem 5.1. Let α ∈ (−1,∞)d. Then {Tα,ℓt } is a submarkovian (but not Markovian) symmetric
diffusion semigroup satisfying, for 1 ≤ p ≤ ∞,
‖Tα,ℓt ‖p→p ≤ (cosh 2t)−(|α|+d), t > 0.
Proof. In the one-dimensional case Lemma 2.2 shows that
Tα,ℓt 1(x) =
1
(cosh 2t)α+1
exp
(
− 1
2
x2 tanh 2t
)
.
Then the desired estimate is a consequence of Lemma 2.1.
The multi-dimensional result follows by the tensor product structure of the semigroup. 
The modified semigroups {T˜α,ℓ,jt }, j = 1, . . . , d, are generated in L2(Rd+, µα) by suitable self-
adjoint extensions of the operators Lℓα+
2αj+1
x2j
+2, see [12, Section 4]. Their integral representation
is
T˜α,ℓ,jt f(x) = e
−2t
∫
Rd
+
xjyjG
α+ej ,ℓ
t (x, y)f(y) dµα(y), x ∈ Rd+, t > 0.
Note that the sharp range of α’s for which {T˜α,ℓ,jt } is well defined on all Lp(Rd+, µα), 1 ≤ p ≤ ∞,
and maps Lp(Rd+, µα) into itself, is
Aℓj =
{
α : αj > −3/2, αi > −1 for i 6= j
}
.
Proposition 5.2. Let j ∈ {1, . . . , d} be fixed and let α ∈ Aℓj. If αj ≥ −1/2, then {T˜α,ℓ,jt } is a
submarkovian (but not Markovian) symmetric diffusion semigroup satisfying, for 1 ≤ p ≤ ∞,
‖T˜α,ℓ,jt ‖p→p ≤ e−2t(cosh 2t)−(|α|+d), t > 0.
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If αj ∈ (−3/2,−1/2), then {T˜α,ℓ,jt } is not an Lp-contraction semigroup, but there exists a constant
c = c(α) > 1 such that the above estimate holds with the right-hand side multiplied by c.
Proof. By the product structure and Lemma 2.2 we get
T
αj ,ℓ,j
t 1(x) = e
−2t(cosh 2t)−(|α|+d) exp
(
− 1
2
‖x‖2 tanh 2t
)
Hαj+ 32 ,αj+2
( x2j
sinh 4t
)
.
From here we repeat, with suitable adjustments, the arguments proving Theorem 4.1. 
6. Comments on Bessel semigroups
The methods developed above for investigating Lp-contractivity of Laguerre semigroups are
perfectly applicable in the context of continuous expansions connected with Bessel operators. It
is remarkable that the results obtained in the Bessel context are closely related to those for the
Laguerre semigroups. In what follows, for the sake of simplicity, we consider the one-dimensional
situation. It is straightforward to generalize the results to the multi-dimensional setting. We also
omit the discussion of the associated ‘modified’ semigroups and leave details to interested readers.
For all facts concerning the Bessel setting that are not properly explained below, the reader may
consult [2] and [3].
To begin with, consider for α > −1 the Bessel differential operator
Lψα = −
d2
dx2
+
1
x2
(
α2 − 1
4
)
, x > 0,
which is symmetric and positive in L2(R+). The functions
ψαλ (x) =
√
xλJα(xλ), λ > 0,
are eigenfunctions of Lψα , L
ψ
αψαλ = λ
2ψαλ ; here Jν denotes the Bessel function of the first kind and
order ν, cf. [7, Chapter 5]. The operator Lψα has a natural self-adjoint extension for which the
spectral decomposition is given via the Hankel transform
Hαf(λ) =
∫ ∞
0
ψαλ (x)f(x) dx, λ > 0.
Note that for α = −1/2 and α = 1/2 we encounter here the cosine and sine transforms, respectively.
We keep our convention to denote the extension by using the same symbol Lψα, even though there
is an inconvenience: if 0 < α < 1, then Lψα and L
ψ
−α coincide as differential operators, but their
self-adjoint extensions are different; we do hope this will not cause any confusion.
It is well known that Hα ◦ Hα = Id, and so Hα is an isometry on L2(R+). The corresponding
heat semigroup {Tα,ψt } = {exp(−tLψα)}, is defined by means of the spectral theorem by
Tα,ψt f = Hα
(
e−t(·)
2Hαf
)
, f ∈ L2(R+),
and it has the integral representation
(6.1) Tα,ψt f(x) =
∫ ∞
0
Gα,ψt (x, y)f(y) dy, x ∈ Rd+,
where the heat kernel is given by
Gα,ψt (x, y) =
∫ ∞
0
e−tλ
2
ψαλ (x)ψ
α
λ (y) dλ =
1
2t
√
xy exp
(
−x
2 + y2
4t
)
Iα
(xy
2t
)
.
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Notice that this kernel is symmetric and strictly positive. Note also that for α ≥ −1/2, the action
of Tα,ψt can be extended by (6.1) to L
1(R+) + L
∞(R+), and again this can be easily verified
by means of the asymptotics (2.4). If α < −1/2, then remarks similar to those preceding the
statement of Theorem 4.1 are in order. In particular, the question of Lp-contractivity of {Tα,ψt }
makes sense only for α ∈ [−1/2,∞).
Proposition 6.1. Let α ∈ [−1/2,∞). If α ∈ {−1/2} ∪ [1/2,∞), then {Tα,ψt } is a submarkovian
(Markovian if and only if α = −1/2) symmetric diffusion semigroup. If α ∈ (−1/2, 1/2), then
{Tα,ψt } is not an Lp-contractive semigroup, but there exists a constant c = c(α) > 1 such that, for
all 1 ≤ p ≤ ∞, ‖Tα,ψt ‖p→p ≤ c, t > 0.
Proof. A direct computation based on Lemma 2.2 shows that
Tα,ψt 1(x) = Hα
2
+ 3
4
,α+1
(x2
4t
)
.
The conclusion then follows by Lemmas 2.3 and 2.1. The identity Tα,ψt 1 = 1 holds if and only if
α = −1/2; see the proof of Lemma 2.3 for the relevant property of the function Hη,γ . 
Another Bessel operator considered in the literature is
LΨα = −
d2
dx2
− 2α+ 1
x
d
dx
, x > 0,
which is symmetric and positive in L2(R+, µα), α > −1. The functions
Ψαλ(x) = (xλ)
−αJα(xλ), λ > 0,
are eigenfunctions of LΨα , L
Ψ
αΨ
α
λ = λ
2Ψαλ . The operator L
Ψ
α has a natural self-adjoint extension
(denoted by the same symbol) for which the spectral decomposition is given via the modified
Hankel transform
hαf(λ) =
∫ ∞
0
Ψαλ(x)f(x) dµα(x), λ > 0.
Again, it is known that hα ◦ hα = Id, and hα is an isometry on L2(R+, µα). The corresponding
heat semigroup {Tα,Ψt } = {exp(−tLΨα )}, is defined by means of the spectral theorem by
Tα,Ψt f = hα
(
e−t(·)
2
hαf
)
, f ∈ L2(R+, µα),
and has the integral representation
(6.2) Tα,Ψt f(x) =
∫ ∞
0
Gα,Ψt (x, y)f(y) dµα(y), x ∈ R+,
where the heat kernel is
Gα,Ψt (x, y) = (xy)
−(α+1/2)Gα,ψt (x, y) =
1
2t
(xy)−α exp
(
−x
2 + y2
4t
)
Iα
(xy
2t
)
.
When α ∈ (−1,∞), the action of {Tα,Ψt } may be extended by (6.2) to L1(Rd+, µα)+L∞(Rd+, µα).
The result below for α ≥ −1/2 is well known in the literature, since for such α there exists a
natural convolution structure for which the Bessel semigroup is a convolution semigroup, and the
convolution kernel is easily seen to have the relevant properties.
Proposition 6.2. Let α > −1. Then {Tα,Ψt } is a Markovian symmetric diffusion semigroup.
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Proof. This time a direct computation based on Lemma 2.2 gives Tα,Ψt 1 = 1. Again the conclusion
follows by using Lemmas 2.3 and 2.1. 
As the reader probably noticed, there is a striking coincidence between the results stated above
for the two Bessel semigroups and those for the Laguerre semigroups of Hermite and convolution
types. Heuristically, this may be explained by a similarity of the differential operators: Lψα and
LΨα differ from L
ϕ
α and Lℓα, respectively, only by the potential x
2 (recall that here we restrict
ourselves to d = 1). It is not surprising then, that the heat kernels Gα,ψt and G
α,Ψ
t have the same
shapes as Gα,ϕt and G
α,ℓ
t , respectively. In particular, the behavior for x and y small is the same.
This explains why the statements of Propositions 6.1 and 6.2 are similar to those of Theorems 4.1
and 5.1.
Finally, it is worth of pointing out that one of the examples we discussed disproves the following
(fallacious) belief: if L is a positive and formally symmetric in L2(X, µ), X ⊂ Rd, linear second
order differential operator free of zero order term, and L is a self-adjoint extension of it, then
exp(−tL)1 = 1 (here we assume that exp(−tL) extends onto L∞). Indeed, − d2dx2 considered as
Lψ1/2 is the example, since for the self-adjoint extension given spectrally by the sine transform,
we have T
1/2,ψ
t 1 = H1,3/2((·)2/4t) 6= 1. Notice, however, that for the other self-adjoint extension
of − d2dx2 given spectrally by the cosine transform (when we consider − d
2
dx2 as L
ψ
−1/2), we do have
T
−1/2,ψ
t 1 = H1/2,1/2((·)2/4t) = 1.
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